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The paper deals with the definition of gravitational energy in conformal teleparallel gravity. The total energy
is defined by means of the field equations which allow a local conservation law. Then such an expression is
analyzed for a homogeneous and isotropic Universe. This model is implemented by the Friedmann-Robertson-
Walker (FRW) line element. The energy of the universe in the absence of matter is identified with the dark
energy, however it can be expanded for curved models defining such an energy as the difference between the
total energy and the energy of the perfect fluid which is the matter field in the FRW model.
PACS numbers: 98.80.-k; 95.36.+x; 04.50.Kd
I. INTRODUCTION
Due to recent results obtained in the Laser Interferome-
ter Gravitational-Wave Observatory (LIGO)[1], the discus-
sion about the transport of energy-momentumby gravitational
waves can reemerge [2]. In fact such a discussion has its
root on the old problem of gravitational energy definition
in General Relativity. Early attempts to define an energy-
momentum of the gravitational field lead to pseudo-tensorial
quantities [3]. Currently the most spread definition for gravi-
tational energy comes from the ADM formulation which uses
the decomposition 3+ 1 of General Relativity and its con-
straints [4]. It’s useful for some purposes but it fails to provide
a general description of the energy inside a finite volume. For
instance such a feature is very important to analyze the prob-
lem of dark energy. It was postulated to explain the acceler-
ated expansion of the Universe [5–7]. Of course the measure-
ments take place in the observable Universe which is a finite
region. The Einstein equation relates geometry/curvature to
any kind of energy and matter, thus the efforts to explain dark
energy have concentrated in looking for an extra field in the
absence of a reliable definition of gravitational energy. Once
such a quantity exists it opens the possibility of dark energy
actually being an effect of gravitational field.
In the realm of Teleparallelism Equivalent to General Rel-
ativity (TEGR) it is possible to define a gravitational energy-
momentum tensor [8] fromwhich the concept of gravitational
energy can be derived. Such an expression is independent of
the coordinate system and sensitive to the choice of the ref-
erence frame. TEGR is dynamically equivalent to General
Relativity since both theories share the field equations. It is
possible due to relation between a Riemannian geometry and
a Weitzenbo¨ckian one. Of course the two theories aren’t per-
fectly interchangeable since tensorial expressions for energy-
momentum and angular momentum arise only in Teleparallel
gravity. Particularly it has been used to calculate the energy of
gravitational waves [9] and of an homogeneous-isotropicUni-
verse [10], it was also used to study quantum gravity [11]. We
suggest [12] and references therein for a great review on the
subject. Although its undeniable successes TEGR is unable to
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deal with all particle physics since it didn’t exhibit conformal
theory. Thus in order to generalize such a theory it’s necessary
to deal with conformal teleparallel gravity [13].
In the context of a metric theory of gravity a generalization
towards conformal symmetry can be established basically in
two analogous ways. The first method is to use the geometric
aspect of General Relativity, however the Lagrangian density
is constructed out of the Weyl tensor instead the Ricci scalar.
The other one is to couple the scalar field with General Rel-
ativity and require such a symmetry. The conformal gravity
has been used to analyze both astrophysical and cosmological
aspects, such as the problem of dark energy and dark mat-
ter [14]. On the other hand an equivalent form of the Weyl
tensor in Teleparallel gravity is lacking up to now, thus in
order to establish a conformal teleparallel gravity the second
method described above should be used. We hope with such
a generalization to deal with the problem of dark energy by
means the definition of the total energy. Hence, once the en-
ergy of the matter field is a well known quantity, the so called
dark energy can be understood as the difference between the
total energy and the matter field energy.
This article is divided as follows. In section II the standard
Teleparallel gravity is presented. In section III the conformal
teleparallel gravity is introduced and a general form for the
total energy is presented. In section IV the previously expres-
sion is applied to FRW model and an attempt to identify the
dark energy is made. Finally in the last section the conclusions
are presented.
II. TELEPALLELISM EQUIVALENT TO GENERAL
RELATIVITY (TEGR)
Teleparallel gravity is an alternative theory of gravitation
nevertheless it’s dynamically equivalent to General Relativity.
General Relativity describes the geometry of the space-time
in terms of the curvature tensor while TEGR deals with tor-
sion tensor. Thus the dynamical variables of such a theory
is the tetrad field instead of the metric tensor. The variables
used in Teleparallel gravity allows it to incorporate the arbi-
trariness of the reference frame. The metric tensor is writ-
ten in terms of the tetrads as gµν = eaµe
a
ν , where latin in-
dices, a= (0),(1),(2),(3), describe tensorial quantities under
Lorentz transformations, while greek ones stand for the diffe-
2feomorphic symmetry.
In order to couple Dirac equation with gravitational field
it’s necessary the introduction of a connection other than the
usual Christoffel symbols, the spin connection ωµab , which is
sensitive to the SO(3,1) group. It’s possible to introduce the
spin connection by requiring the vanishing of the covariant
derivative of the tetrad field. Thus
∇µe
a
ν = 0,
∂µe
a
ν −Γλ µνeaλ +ω aµ b ebν = 0, (1)
which leads to
Γλ µν = e
aλ ebν ωµab + e
aλ ∂µeaν . (2)
Here Γλ µν is a connection related to coordinate transforma-
tions, its skew-symmetric part, i.e., the torsion tensor is given
by
T aµν (e,ω) = ∂µe
a
ν − ∂νeaµ +ω aµ ν −ω aν µ . (3)
The vanishing of the spin connection leads to
T aµν (e) = ∂µe
a
ν − ∂νeaµ . (4)
Such a requirement is known as the Teleparallel condition.
It allows an equivalence between General Relativity and
Teleparallel gravity. It’s possible because the spin connection
is identically written in terms of the Levi-Civita connection
(a torsion free connection related to Christoffel symbols) plus
the contortion tensor which is constructed out of the torsion
tensor above. In this sense it’s possible to show that the TEGR
Lagrangian density [12] is given by
L (eaµ) =−keΣabcTabc −LM , (5)
where L M is the Lagrangian density for matter fields, k =
1
16pi , e=
√−g and
Σabc =
1
4
(
T abc+Tbac−T cab
)
+
1
2
(
ηacT b−ηabT c
)
,
(6)
with T a = T b ab .
If one performs a variation of the Lagrangian density with
respect to the tetrad field, then the field equation reads
∂λ
(
eΣaµλ
)
=
1
4k
e(Θaµ + τaµ) , (7)
where
τaµ = k
(
4Σbλ µT abλ − eaµΣbcdTbcd
)
(8)
is the energy-momentum of the gravitational field and Θaµ =
1
e
δLM
δeaµ
is the energy-momentum tensor of matter fields. It
can be integrated over a 3D volume to yield the energy-
momentum vector which is invariant under coordinate trans-
formations and dependent on the choice of the reference
frame. In the next section it’ll be defined a similar quantity
for conformal teleparallel gravity.
III. CONFORMAL TELEPARALLEL GRAVITY
In this section the conformal teleparallel gravity will be pre-
sented briefly following reference [13], as well as a definition
of total energy-momentum in such a context. It should be
noted that the the TEGR Lagrangian density is not invariant
under conformal transformation
gµν → g˜µν = e2θ(x)gµν , (9)
where θ (x) is the conformal factor which is an arbitrary
function, this induces a transformation in the tetrad field as
e˜aµ = e
θ(x)eaµ due to the relation between both fields. In or-
der to see that non-invariance let’s consider the change in the
torsion contractions in the TEGR Lagrangian density under
conformal transformation, they are
T˜ abcT˜abc = e
−2θ
(
T abcTabc − 4T µ∂µ θ + 6gµν∂µ θ∂νθ
)
,
T˜ abcT˜bac = e
−2θ
(
T abcTbac − 2T µ∂µ θ + 3gµν∂µ θ∂νθ
)
,
and
T˜ aT˜a = e
−2θ (T aTa − 6T µ∂µ θ + 9gµν∂µ θ∂νθ) .
Therefore a Lagrangian density invariant under conformal
transformation in the context of Teleparallel gravity is given
by
L = ke
[
−φ2
(
1
4
T abcTabc +
1
2
T abcTbac −
1
3
T aTa
)
+
k′gµνDµφDν φ
]
, (10)
where Dµ is the covariant derivative defined as
Dµφ =
(
∂µ −
1
3
Tµ
)
φ , (11)
the quantity φ is a scalar field, Tµ = T
λ
λ µ = T
a
aµ and k’ is
a coupling constant, it has to be established to recover TEGR
when φ is a constant. Hence for k′ = 6, the conformal telepar-
allel Lagrangian density reads
L (eaµ ,φ) = ke
[
−φ2ΣabcTabc + 6gµν∂µφ∂ν φ −
4 gµνφ(∂µ φ)Tν
]
−LM . (12)
It should be pointed out that in this article we’re looking for an
extension of teleparallel gravity, however a constraint over the
scalar field is always possible to establish. In fact it is exactly
what it was done with the introduction of the dark fluid in (28)
and (29).
The field equations are obtained from the variation of the
above Lagrangian density with respect to the scalar field and
the tetrad field. The former variation yields
∂ν (eg
µν∂µφ)+
1
6
φ
[
eΣabcTabc − 2∂µ(eT ν)
]
=
1
12k
δLM
δφ
3where the terms in brackets is the negative of the Ricci scalar.
Thus
∂ν(eg
µν∂µφ)−
1
6
eφR(e) =
1
12k
δLM
δφ
, (13)
where φ
δLM
δφ = eΘ, with Θ = gµνΘ
νµ . The variation with
respect of the tetrad field results in
∂λ (eφ
2Σaµλ )− eφ2
(
Σbλ µT abλ −
1
4
eaµΣbcdTbcd
)
−
3
2
eeaµgσν∂σ φ∂ν φ + 3ee
aνgσ µ∂σ φ∂ν φ +
eeaµgσνTν φ(∂σ φ)− eφeaσgµν (Tν ∂σ φ +Tσ ∂νφ)−
egσνφ(∂σ φ)T
µa
ν − ∂ρ [egσ µφ(∂σ φ)eaρ ]+
∂ν [eg
σνφ(∂σ φ)e
aµ ] =
1
4k
δLM
δeaµ
, (14)
where
δLM
δeaµ
= eeaν Θ
νµ . We point out that such a tensor is
traceless in order to be compatible with the conformal sym-
metry. Making use of previous definitions such as
τaµ = k
(
4Σbλ µT abλ − eaµΣbcdTbcd
)
(15)
and using the expression
taµ = −4k
{
− 3
2
eaµgσν(∂σ φ)(∂ν φ)+
3 eaνgσ µ(∂σ φ)(∂ν φ)+ e
aµgσνTν φ(∂σ φ)−
eaσ gµνφ
(
Tν ∂σ φ +Tσ ∂νφ
)
− gσνT µaν φ(∂σ φ)−(
1
e
)(
∂ρ
[
eeaρgσ µφ(∂σ φ)
]
− ∂ν
[
eeaµgσνφ(∂σ φ)
])}
,
then the field equation (14) is rewritten as
∂λ
(
eφ2Σaµλ ) =
1
4k
e(eaνΘ
µν +φ2τaµ + taµ
)
. (16)
This equation is in many aspects similar to the Brans-Dicke
field equation, however an important feature should be high-
lighted: similarly to TEGR, equation (14) allows a local con-
servation law from which it’s possible to construct the total
energy-momentum vector of the theory. Due to the skew-
symmetry in the last two indices of Σaµλ ,
∂µ∂λ (eφ
2Σaµλ )≡ 0 , (17)
then
∂µ
[
e
(
eaν Θ
νµ +φ2τaµ + taµ
)]
= 0 . (18)
Therefore the total energy-momentum in the conformal
teleparallel gravity is given by
Pa =
∫
V
e(eaνΘ
0ν +φ2τa0+ ta0)d3x , (19)
which can be rewritten, using equation (14), as
Pa = 4k
∮
eφ2Σa0idSi . (20)
This definition of energy-momentum vector shares the same
feature of the expression in TEGR concerning the coordinates
transformation and the choice of the reference frame. The
zero component of the vector defined in equation (19) is the
total energy, here the term total refers to the fact that there
are three separated contributions to the energy, one from the
matter field, other from the gravitational energy and another
one from the conformal factor. In the next section this will be
applied to a Universe model.
IV. DARK ENERGY IN CONFORMAL TELEPARALLEL
GRAVITY
The idea of dark energy arose with the observation that the
Universe is at an accelerating expansion rate [5–7]. The usual
approach to deal with that is to look for some matter field
that accelerates the Universe, for instance some dark fluid that
turns the deceleration parameter negative or an arbitrary field
added to the right-side of Einstein equation. Thus it makes
sense to follow this path in a theory that don’t predict gravita-
tional energy such as General Relativity. However one has to
admit that the existence of gravitational energy plays an im-
portant role in this subject. In this section we calculate the net
energy in the Universe and associate it to the so called dark
energy.
In our recent work [15], we worked with FRW metric, solv-
ing the model for conformal teleparallel gravity. Then we ex-
plored how the scale factor and the scalar field could define
a dark fluid responsible for the acceleration of the Universe.
Now we intend to calculate the actual dark energy, understood
here as the difference between the total energy, given by equa-
tion (20), and the energy of the perfect fluid, defined by Θµν .
The Friedmann-Robertson-Walker line element is given by
ds2 =−dt2+ a2(t)
[
dr2
1−κr2 + r
2dθ 2+ r2 sin2 θdφ ′2
]
,
(21)
where a(t) is scalar factor and κ is the space curvature which
assumes the values (−1,0,1). It represents a isotropic and
homogeneous Universe. For sake of simplicity we take the
following tetrad field
eaµ =

-1 0 0 0
0
a(t)√
(1−κr2)
0 0
0 0 ra(t) 0
0 0 0 ra(t)sinθ
 . (22)
Then in order to calculate the total energy it’s necessary to
have the component Σ(0)01 which is given by
Σ(0)01 =−1+κr
2
a(t)2r
(23)
and the determinant of the tetrad field,
e=
a(t)3r2 sinθ√
1−κr2
, (24)
4thus we integrate over a sphere of radius R and we use dS1 =
dθdφ
′
in the time component of Pa, which yields
P(0) = lim
r→R
4k
∫ 2pi
0
∫ pi
0
−a(t)φ(t)2r sinθ
√
1−κr2dθdφ ′
P(0) =−a(t)Rφ(t)2
√
1−κR2 .
This is the total energy inside a sphere of radius R, it’s in-
teresting to note that the FRW line element has a dynamical
horizon which is given by
R=
1√(
a˙
a
)2
+ κ
a2
,
hence the total energy E ≡ P(0) of the observable Universe is
E =−a
2φ2
[
a˙2+κ
(
1− a2
)]1/2
(a˙2+κ)
. (25)
The energy of the matter, here a conformal perfect fluid, is
calculated as
Em =
∫
eΘ(0)0d3x , (26)
where Θ(0)0 = ρφ2. Therefore using (24), equation (26) be-
comes
Em =
∫ R
0
∫ 2pi
0
∫ pi
0
a3r2 sinθ√
1−κr2
ρφ2dθdφ ′dr
= 4pia3ρφ2
∫ R
0
r2√
1−κr2
dr ,
which with∫ R
0
r2√
1−κr2
dr =
1
2κ
[
sin−1
(√
κR
)
√
κ
−R
√
1−κR2
]
yields
Em =
2pia3ρφ2
κ3/2
[
sin−1
(
a
√
κ√
a˙2+κ
)
−
(
a
√
κ a˙2+κ2(1−a2)
a˙2+κ
)]
.
(27)
In view of expressions (25) and (27) it is possible to define
the dark energy as the difference between them,
Ed = E−Em .
Thus dark energy would be what remains when the mass of
the Universe vanishes, i. e., it’s the vacuum energy.
The field equations from the reference [15] read,
3H2+
3k
a2
+ 3β 2+ 6Hβ = 8piρ , (28)
− 2H˙− 3H2− k
a2
− 4Hβ −β 2− 2β˙ = 8pi p , (29)
FIG. 1. Ed for w= 0.
where H = a˙
a
and β = φ˙φ . It should be noted that the energy-
momentum of matter is taken as the perfect fluid, due to the
conformal symmetry the relation p = 1
3
ρ holds. The above
equations are under-determined which is the same problem
appearing in the Friedmann equations. In order to avoid this
problem we note that the field equations behave as if there is
a dark fluid with density ρD =
3β 2+6Hβ
8pi and pressure pD =
−4Hβ−β 2−2β˙
8pi . Hence to determine all functions we suppose a
equation of state for the dark fluid as pD = wρD, where w is
the dark fluid parameter. Then, for κ = 0, the time dependence
of
Ed =−
aφ2
H
(
1+
4piρa2
3H2
)
,
is given below in figures 1, 2 and 3.
The time dependence of the dark energy is plotted for the
following initial conditions: ε(0) = 0.01, ε˙(0) = 0, a(0) =
0.01 and φ(0) = 0.01, where 8piρ
3
= ε2.
V. CONCLUSION
In this article the total energy in conformal teleparallel
gravity is defined by a local conservation law which comes
from the field equations. In this sense it is possible to tell
apart the energy-momentum of the matter fields, the telepar-
allel energy-momentumand the conformal contribution. Then
the total energy and the perfect fluid energy was calculated for
the FRW model. As a consequence the so called dark energy
can be understood as the difference between those energies
since in a vacuum state there is still an energy. From a pre-
vious work we obtained the scale factor and the conformal
5FIG. 2. Ed for w= 1.
FIG. 3. Ed for w=−1.
scalar field for a wide range of pertinent parameters and we
used them to plot the temporal evolution of the dark energy,
for this we adopted the dynamical horizon of the FRW line el-
ement. It should be noted that the condition κ = 0 was chosen
to fit experimental evidence which indicates that the Universe
is approximately flat [16, 17]. It is important to point out that
the energy is not static in the FRW Universe, since it depends
on the volume of integration. This volume is chosen to be
a sphere with the radius equal to the time dependent horizon
of the metric which is the radius of the observable Universe.
Therefore the bigger the observable Universe the greater is the
energy contained in it. Thus it is natural to expect a time de-
pendence for the energy rather than a fixed quantity even if
the Universe is closed.
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